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In this paper we propose and extensively study mimetic f(G) modified gravity models, with various
scenarios of cosmological evolution, with or without extra matter fluids. The easiest formulation is
based on the use of Lagrange multiplier constraint. In certain versions of this theory, it is possible
to realize accelerated expansion of the Universe or even unified evolution which includes inflation
with dark energy, and at the same time in the same theoretical framework, dark matter is described
by the theory. This is achieved by the re-parametrization of the metric tensor, which introduces a
new degree of freedom in the cosmological equations and leads to appearance of the mimetic “dark
matter” component. In the context of mimetic f(G) theory, we also provide some quite general
reconstruction schemes, which enable us to find which f(G) gravity generates a specific cosmological
evolution. In addition, we also provide the general reconstruction technique for Lagrange multiplier
f(G) gravity. All our results are accompanied by illustrative examples, with special emphasis on
bouncing cosmologies.
I. INTRODUCTION
The recent observational data [1, 2], have increased the scientific interest in cosmology, since early-time acceleration
is favored by present observations. In addition to this early-time acceleration, in the late 90’s, the late-time acceleration
(including that from modified gravity [3, 4]) was also verified by the observations [5]. Since then a great task for
cosmologists is to consistently describe these two acceleration eras, and if possible, to include them in the same
theoretical framework as it was first proposed in [7]. Modified gravity [6], is one appealing candidate for a complete
cosmological theory, in the context of which late-time acceleration can be consistently described but more importantly,
the unification of early-time acceleration with late-time acceleration [7, 8] can be achieved (for a general review, see
[6]). There are many types of modified theories of gravity with higher-derivative terms, such as f(R) modified gravity
[9], f(G) theories of gravity [23], etc. In this paper, we shall introduce a new type of mimetic f(G) theory of gravity,
which as we shall demonstrate, can successfully describe a variety of cosmological scenarios. It is inspired by mimetic
dark matter models [10–12] and serves as a generalization of both f(G) and mimetic dark matter models.
The mimetic dark matter models [10–12], are generalizations of general relativity, at which general relativity is
modified in a minimal way, so that the conformal symmetry not to be violated. In the theoretical formalism of
mimetic dark matter theories, an extra internal degree of freedom appears, which can describe dark matter via such
mimetic gravity theory [10] (see also Refs.[11, 12]). In order for the conformal symmetry not to be violated, the metric
is not regarded as the fundamental variable of this gravitational theory, but is decomposed into a new metric and a
scalar field, with the latter being the extra gravitational degree of freedom which actually describes dark matter.
A recent study in which the formalism of mimetic gravity was used in the context of f(R) gravity was done in Ref.
[13]. As was shown in that work, in the context of mimetic f(R) gravity and specifically of modified f(R) gravity
with Lagrange multiplier constraint, it is possible to realize the unification of early-time and late-time acceleration
eras as well as having Dark Matter in unified scenario.
It is of great importance to understand how universal is such an approach to the unification of the three dark sectors
of the Universe.
In this paper we consider modified Gauss-Bonnet f(G) gravity, which was introduced as gravitational alternative
to dark energy in Ref. [14], but generalized in such a way that the Lagrangian multiplier constraint is used, as done
in Ref. [15]. The specific choice of the Lagrange multiplier constraint, renders such a theory as a mimetic modified
Gauss-Bonnet gravity of certain type. The accelerating cosmology generated by such a mimetic gravity, is studied in
detail and we also investigate which f(G) gravity can realize various cosmological scenarios, with special emphasis to
bouncing cosmologies [16–21]. We need to note that the idea of obtaining a bouncing solution in the frame of Lagrange
multiplier modified gravity was studied for the first time in [22], which is very relevant in spirit to our approach. In
addition, we also introduce the mimetic gravity formalism, in the context of a general Jordan frame f(G) gravity. As
a general remark, we must note that within the context of mimetic f(G) gravity and Lagrange multiplier modified
f(G) gravity, it is possible that there exists a large number of f(G) theories which can consistently describe a given
cosmological evolution.
2This paper is organized as follows: In section II we present the theoretical formalism of mimetic Gauss-Bonnet
gravity. The most important argument is based on the fact that the metric is redefined, and all cosmological equations
are obtained by varying the redefined action with respect to redefined metric gˆµν = −gˆρσ∂ρφ∂σφgˆµν and mimetic scalar
field φ instead of gµν . In section III we investigate how various cosmological scenarios can be realized in the context
of mimetic f(G) gravity, with special emphasis to cosmological bounces. In section IV, we consider a generalization of
f(G) theory, based on the introduction of a Lagrange multiplier, which includes the mimetic case. Several examples
are worked out and also comparison to the standard Einstein-Hilbert gravity with Lagrange multiplier, worked out
in [11] is performed. Moreover, we also compare the resulting modified f(G) gravity, mimetic or Lagrange multiplier
modified, with the standard f(G) gravity picture. The conclusions follow in the end of the paper.
II. MIMETIC f(G) GRAVITY
Consider a general f(G) gravity, with the Jordan frame action being equal to,
S =
∫
d4x
√−g
[
R
2κ2
+ f(G)
]
+ Sm. (1)
where Sm stands for the action of matter-fluids, which induces the energy momentum tensor Tµν in the field equations
(for some incomplete list of works on cosmology of such theory, see [23]). We adopt the standard geometrical
conventions of Einstein-Hilbert gravity, with regards to the commutative connection of the underlying Riemannian
spacetime, R is the Ricci scalar, and the function f(G) corresponds to a generic globally differentiable function of the
Gauss-Bonnet topological invariant G, which is equal to,
G = R2 − 4RµνRµν +RµνλσRµνλσ , (2)
where Rµν and Rµνλσ are the Ricci and Riemann tensors, respectively. We adopted the signature for the Riemannian
metric as (− + ++) and also we assume that κ2 = 8πG/c4 = 1, where G is the standard Newtonian gravitational
coupling.
In order to obtain the mimetic f(G), the following parametrization of metric is assumed [10–12]:
gµν = −gˆρσ∂ρφ∂σφgˆµν . (3)
By varying the metric we obtain the following relation,
δgµν = gˆ
ρτ δgˆτωgˆ
ωσ∂ρφ∂σφgˆµν − gˆρσ∂ρφ∂σφδgˆµν−
−2gˆρσ∂ρφ∂σδφgˆµν .
In addition, by varying the action (1), with respect to the redefined metric gˆµν , instead of the standard Jordan frame
metric gµν , and with respect to the mimetic scalar φ, the resulting field equations take the following form,
Rµν − 1
2
Rgµν+ (4)
+8
[
Rµρνσ +Rρνgσµ −Rρσgνµ −Rµνgσρ +Rµσgνρ + R
2
(gµνgσρ − gµσgνρ)
]
∇ρ∇σfG + (fGG − f(G)) gµν+
+∂µφ∂νφ
(
−R+ 8
(
−Rρσ + 1
2
Rgρσ
)
∇ρ∇σfG + 4(fGG − f(G))
)
=
= Tµν + ∂µφ∂νφT,
where fG stands for fG = df(G)/dG. We also note that the covariant derivative ∇µ, acts on vectors as ∇µVν =
∂µVν − ΓλµνVλ and accordingly it acts on the metric gµν .
By varying the action (1) with respect to the scalar field φ, we obtain the following equation,
∇µ
(
∂µφ
(
−R+ 8
(
−Rρσ + 1
2
Rgρσ
)
∇ρ∇σfG + 4(fGG − f(G)
)
− T )
)
= 0. (5)
3Assuming a spatially-flat Friedmann-Robertson-Walker (FRW) metric, with metric
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) (6)
the scalar curvature and the Gauss-Bonnet invariant have the following form:
R = 6
(
a¨
a
+
a˙2
a2
)
= 6(H˙ + 2H2),
G = −24 a¨a˙
2
a3
= −24H2(H˙ +H2).
where H(t) denotes as usual the Hubble rate H(t) = a˙(t)/a(t). From Eq. (3) we find that
gµν∂µφ∂νφ = −1 (7)
and since the scalar field φ depends only on the cosmic time, this results to the constraint φ = t. Taking into account
the aforementioned constraint, we can obtain the (t, t) component of the expression given in (4):
2H˙ + 3H2 + 16H(H˙ +H2)
dfG
dt
+ 8H2
d2fG
dt2
− (fGG − f(G)) = −p. (8)
The same equation results if we consider the (r, r) component. By integrating Eq. (5), we obtain the following
relation,
−R+ 8
(
−Rρσ + 1
2
Rgρσ
)
∇ρ∇σfG + 4(fGG − f(G)) + ρ− 3p = − C
a3
(9)
and finally this results to,
H˙ + 2H2 + 4H2
d2fG
dt2
+ 4H
(
2H˙ + 3H2
) dfG
dt
+
2
3
(fGG − f(G)) + ρ
6
− p
2
= −C
a3
. (10)
where C is an arbitrary constant.
Combining Eqs. (8) and (10), we obtain:
H˙ + 4H2
d2fG
dt2
+ 4H(2H˙ −H2)dfG
dt
= −1
2
(ρ+ p)− C
a3
. (11)
where for simplicity we redefined the constant C. It is convenient to introduce the function g(t), which is defined to
be equal to,
g(t) =
dfG
dt
,
which satisfies the equation:
4H2
dg(t)
dt
+ 4H(2H˙ −H2)g(t) = −H˙ − 1
2
(ρ+ p)− C
a3
. (12)
For C = 0 Eqs. (8) and (11) coincide with the Friedmann equations in ordinary f(G) gravity. If the right hand side of
Eq. (12 is zero, that is, B(t) = −H˙ − 12 (ρ+ p)− Ca3 = 0 then the solution to this equation can be written as follows,
g(t) = g0
(
H0
H
)2
exp
(∫ t
0
Hdt
)
. (13)
In the above equation, g0 is a constant and H0 = H(0). In the case that the right hand of Eq. (12) is non-zero, that
is when B(t) 6= 0, the solution g(t) reads,
g(t) = g0
(
H0
H
)2
exp
(∫ t
0
Hdt
)
+
1
4H2
∫ t
0
dt1B(t1) exp
(∫ t
t1
H(τ)dτ
)
. (14)
4Therefore one can specify the cosmic evolution of the Universe, in terms of the Hubble rate H(t) and then obtain the
function g(t). Then by integrating this, with respect to the cosmic time, we can obtain the function f(t), that is,
fG(t) =
∫
g(t)dt.
Using the explicit dependence of the Gauss-Bonnet invariant on the cosmic time t, one can get the explicit form of
the function t(G) and therefore find the function fG(G). Then, upon integrating with respect to G, we easily obtain
the mimetic f(G) gravity. In the next section, we shall present some illustrative examples, in order to demonstrate
explicitly how the reconstruction method works, and also in order to see the differences between Jordan frame mimetic
f(G) gravity and ordinary Jordan frame f(G) gravity.
III. COSMOLOGICAL MODELS WITH VARIOUS EVOLUTIONS FROM MIMETIC f(G)
A. A general example
We start off with the cosmological evolution of the Universe, with a Hubble rate equal to,
H(t) =
H0
1 + αt
, α > 0
which could correspond for example to early-time acceleration from the moment t = 0 to some later time t, with
t >> α−1. The corresponding scale factor for the Hubble parameter (III A) is equal to,
a(t) = a0 (1 + αt)
H0/α (15)
The corresponding Gauss-Bonnet invariant is,
G = 24H
2
0 (α−H0)
(1 + αt)3
.
The solution of Eq. (12) with zero right hand side (B = 0), is equal to,
g(t) = g0 (1 + αt)
H0/α+2 .
For an empty universe without matter and mimetic dark matter (ρ = p = C = 0) the function g(t) is equal to,
g(t) = g0 (1 + αt)
H0/α+2 − 1
4H0
1 + αt
α+H0
.
Then, the resulting expression for the function fG(t) is equal to,
fG(t) = f0 (1 + αt)
H0/α+3 − 1
8αH0
(1 + αt)2
α+H0
.
Using the Gauss-Bonnet invariant (III A), we can express the function fG(t), as a function of the Gauss-Bonnet
invariant G,
fG = AG−1−H0/3α +DG−2/3,
D = − 1
8αH0(α +H0)
(
24H20 (α−H0)
)2/3
.
Finally, integrating the above equation, with respect to the Gauss-Bonnet invariant G, we obtain the resulting non-
mimetic f(G) gravity,
f(G) = F0G−H0/α + 3DG1/3. (16)
5For a Universe filled with matter and mimetic dark matter, which means that C 6= 0, ρ = ρ0a−3, p = 0, the
corresponding solution g(t) has the following form,
g(t) = g0 (1 + αt)
H0/α+2 − 1
4H0
1 + αt
α+H0
+
C˜
4H0 − α
1
4H20
(1 + αt)
3(1−H0/α) , C˜ = C + ρ0, (17)
and the corresponding solution fG(t) reads,
fG(t) = AG−1−H0/3α +DG−2/3 + EG−4/3+H0/α, (18)
where E stands for,
E =
C˜
4H20
α
(4H0 − α)(4α−H0)
(
24H20 (α −H0)
)4/3−H0/α
,
The resulting mimetic f(G) gravity easily follows,
f(G) = F0G−H0/α + 3DG1/3 + 3α
3H0 − αEG
−1/3+H0/α. (19)
By looking Eqs. (19) and (16), we can see the difference between non-mimetic and mimetic f(G) gravity. Notice that
in the mimetic gravity case, a given cosmological evolution can be realized by a family of f(G) functions. For example
by putting C = −ρ0 and therefore the last term can be omitted in Eq. (17). It is worthy to note that in ordinary
f(G) gravity with matter fluids, we have no such freedom in choosing the f(G) function, and a unique solution for
f(G) exists (in (17) one need to change C˜ → ρ0).
Let us study another case, in which the cosmological evolution is described by the following Hubble rate,
H =
H0
1 + β2t2
We consider the simple case for which g0 = 0 and ρ = p = C = 0, and the solution g(t) is equal to,
g(t) = −β
2(1 + β2t2)(1 +H0t− β2t2)
2H0(H20 + 4β
2)
(20)
The Gauss-Bonnet invariant is,
G = 24H
2
0 (2β
2t−H0)
(β2t2 + 1)3
.
For t→∞ we have the following asymptotic behavior:
g(t) ≈
β6t4
2H0(H20 + 4β
2)
,
G ≈ 48H
2
0
β4t5
.
Therefore, the function fG(G) is equal to,
fG(G) ≈ β
14/5
2(48H0)−4/5H0(H20 + 4β2)
G−4/5
and upon integrating with respect to G, we finally obtain the f(G) gravity,
f(G) ≈ 5β
14/5
2(48H0)−4/5H0(H20 + 4β2)
G1/5. (21)
6B. Reconstruction of mimetic f(G) models from bounce cosmological evolution
Using the method we described in the previous sections, it is possible to reconstruct an f(G) model for given
cosmological evolution with scale factor a(t). In this section we shall consider bouncing cosmologies, and we investigate
which f(G) model can generate such a cosmology, in the presence of matter and mimetic dark matter.
1. Superbounce from mimetic f(G) gravity
In the context of f(G) modified gravity, various bouncing Universe scenarios can be materialized straightforwardly,
which in the context of Einstein-Hilbert general relativity could only be realized if the null energy condition is violated
for a period of time. For reviews and an important stream of papers on bouncing cosmology see [16–20] and references
therein. A bounce evolution has the following characteristics: The Universe starts with a contraction up to a point
where a non-zero minimal radius is reached, where the scale factor is non-vanishing too, and then the Universe starts
to expand again. In this way the singularity problem of the scale factor, which is known as the initial singularity, is
resolved in a self-consistent way. Therefore, bouncing cosmology serves as a convenient way to avoid singularities of
crushing type, where the geodesics incompleteness occurs. Let the bounce occur at some time ts, then for t = ts the
Hubble rate is zero, that is H(ts) = 0, while during the expanding phase, H(t) > 0, and during the contracting phase,
H(t) < 0.
Therefore the bouncing cosmology is one appealing candidate for the consistent description of the Universe’s evo-
lution. Within this context, we shall make use of two bouncing cosmologies for our reconstruction examples.
We start of with the superbounce model [21], which has the following scale factor,
a(t) = (−t+ ts)
2
c2 (22)
while the corresponding Hubble rate is,
H(t) = − 2
c2(−t+ ts) (23)
Using Eqs. (22) and (23) and substituting to Eq. (14), the solution g(t) easily follows,
g(t) =
1
4
c4g0H
2
0 (t− ts)
2
c2 (−t+ ts)2 − 1
32
c6(t− ts)
2
c2 (−t+ ts)2
(
2
−2 + c2 +
c2C(−t+ ts)2−
6
c2
8− 6c2 + c4 +
c2(t− ts)2(p+ ρ)
2 (2 + 3c2 + c4)
)
(24)
The Gauss-Bonnet invariant for the Hubble rate of Eq. (23) is equal to,
G = −96c2t2(2c+ 4c2t2) (25)
and by solving Eq. (25) with respect to t we obtain two real solutions,
t1 =
−2√231/4c4
√
G
(
c8
(−2 + c2)G)1/4 + c8Gts
c8G
, t2 =
2
√
231/4c4
√
G
(
c8
(−2 + c2)G)1/4 + c8Gts
c8G
(26)
By substituting Eq. (26) to Eq. (24) and integrating over G, we obtain two different functional forms of mimetic f(G)
gravity, which are of the following form,
f(G) = −12 (−2 + c2) (t(G) − ts)−1+ 2c2 (4
(
8g0H
2
0 + c
2
(
1− 4g0H20
))
(−2 + c2)2 (2 + 3c2)
(27)
− 2c
4C(−t(G) + ts)2−
6
c2
(−4 + c2)2 (8− 14c2 + 5c4)
− c
4(t(G)− ts)2(p+ ρ)
(2 + c2)
2
(2 + 7c2 + 5c4)
)
where t(G) = t1,2 with t1, t2 being defined in Eq. (26).
Let us here compare the Jordan frame mimetic f(G) modified gravity solutions we found, that generate the su-
perbounce (22), with the solutions of non-mimetic f(G) gravity in the Jordan frame. The non-mimetic f(G) gravity
solutions that generate the superbounce (22) are the following [21]:
f(G) = t
2
∗G − 4
√
(−11 + a)a3G
4a+ 4a2
, f(G) = t
2
∗G − 2
√
(−11 + a)a3G(1 + G)
4a(1 + a)G (28)
7where a = 2/c2. Comparing Eqs. (27) and (28), we can see the obvious functional differences. But there is also
another important difference, having to do with the freedom in choosing the solutions in the case of mimetic f(G)
gravity, an issue we already discussed earlier. Notice also that there is a similarity between the mimetic and non-
mimetic f(G) gravities, which is that in both cases, the resulting f(G) gravity consists of two distinct solutions, when
the superbounce cosmological evolution is taken into account.
2. Generic bounce scenario from mimetic f(G) gravity
Another interesting bouncing cosmology scenario is described by the following scale factor,
a(t) = ect
2
(29)
with c some arbitrary constant and the scale factor is normalized again so that at the bouncing point, which is t = 0,
the scale factor is equal to a(0) = 1. The corresponding Hubble rate is particularly simple, and it is equal to,
H(t) = 2ct (30)
Using the Hubble rate (30) and by substituting to Eq. (14), we get the function g(t),
g(t) =
Ce−2ct
2
64c3t
− e
ct2
16c2t
− e
ct2g0H
2
0
4c2t
− e
ct2p
64c3t
− e
ct2ρ
64c3t
+
C
√
π
2 erf
[√
2
√
ct
]
32c5/2
+
√
πerfi (
√
ct)
16c3/2
(31)
+
g0H
2
0
√
πerfi (
√
ct)
4c3/2
+
p
√
πerfi (
√
ct)
64c5/2
+
√
πρerfi (
√
ct)
64c5/2
− Ct 2F2(
1
2 ;
3
2 ; ct
2)
16c2
− t 2F2(
1
2 ;
3
2 ; ct
2)
8c
− pt 2F2(
1
2 ;
3
2 ; ct
2)
32c2
− tρ2F2(
1
2 ;
3
2 ; ct
2)
32c2
where the functions erfi(x) and erf(x) denote the imaginary error function and the error function respectively, while
the function pFq(a; b; z) stands for the generalized hypergeometric function. The Gauss-Bonnet invariant in this case
is equal to,
G = −96c2t2 (2c+ 4c2t2) (32)
which can be solved with respect to t, and we have the following positive solution,
t =
√
− 1
4c
+
√
24c6 − c4G
8
√
6c4
(33)
Having this at hand, and by substituting to Eq. (31), we easily obtain the function fG(G). Then by integrating with
respect to G, we can get the resulting fG(G) function, but we omit the resulting expression, since it’s functional form
is too large and complicated. Note however that all the integrals can be evaluated analytically, as the reader may
convince himself.
Before closing, we study here a final example, for which we assume that g0 = 0, in which case the function g(t) is
equal to,
g(t) = − a
3(t)
4a˙2(t)
∫ t
0
a−1(t1)
(
a¨(t1)
a(t1)
− a˙(t1)
a2(t1)
)
dt1 − C˜a
3(t)
8a˙2(t)
∫ t
0
a−4(t1)dt1. (34)
Consider a cosmological evolution with scale factor a(t) = (1 + αt)γ . The case α < 0, γ < 0 corresponds to the
Big Rip singularity [24], which occurs at ts = 1/α. The accelerated expansion corresponds to α > 0, γ > 1. The
corresponding solution for g(t) reads,
g(t) = − 1
4γ2α2
(
(1 + αt)2+γ − (1 + αt)2)− C˜
8γ2α3(4γ − 1)
(
(1 + αt)2+γ − (1 + αt)3(1−γ)
)
, γ 6= 1/4. (35)
The corresponding Gauss-Bonnet invariant G is,
G = 24γ
3α4(1− γ)
(1 + αt)4
so the resulting expression for the f(G) gravity reads,
f(G) = AG1/4 +BG(1−γ)/4 +DG3γ/4. (36)
8IV. f(G) GRAVITY IN FORMULATION WITH LAGRANGE MULTIPLIER
In this section we consider the formulation of f(G) modified gravity by using a Lagrange multiplier, and the impact
of this multiplier to the cosmological evolution of various models. One can impose a condition on the scalar field by
adding to the standard action for f(G) gravity the following term,
λ(gµν∂µφ∂νφ+ U(φ)),
where λ is the Lagrange multiplier and U(φ) is a function of the scalar field, in principle arbitrarily chosen. We also
include in the Jordan frame action of the f(G) gravity, the action of a scalar field (canonical or phantom) φ with
arbitrarily chosen scalar potential V (φ), which is of the form:
Sφ =
∫
d4x
√−g (−ǫgµν∂µφ∂νφ− V (φ)) .
The cases ǫ = ±1 describe canonical and phantom scalar field respectively. For ǫ = 0 the conformal symmetry of the
system is respected and the corresponding gravity with Lagrange multiplier is equivalent to the mimetic f(G) gravity
considered above (for U = 1 and V = 0). (The case with non-zero V maybe called as extended mimetic theory). The
full Jordan frame action of the f(G) gravity with Lagrange multiplier and in the presence of the scalar field and other
matter fluids, is the following,
S =
∫
d4x
√−g
(
R
2
+ f(G)− ǫgµν∂µφ∂νφ− V (φ) + λ(gµν∂µφ∂νφ+ U(φ)) + Lm
)
(37)
By varying this action with respect to the metric gµν , we obtain the following two equations of motion:
3H2 + 24H3
dfG(G)
dt
+ f(G)− fG(G)G = ρ+ ǫφ˙2 + V (φ)− λ(φ˙2 + U(φ)), (38)
− 2H˙ − 3H2 − 8H2 d
2fG(G)
dt2
− 16H(H˙ +H2)dfG(G)
dt
+ fG(G)G − f(G) = p+ ǫφ˙2 − V (φ)− λ(φ˙2 − U(φ)). (39)
where we assumed a flat FRW metric. Also, by varying action (37), with respect to the Lagrange multiplier, provides
us with the following constraint for the scalar field:
φ˙2 − U(φ) = 0. (40)
Finally for the scalar field we have the equation of motion:
2∂t((λ − ǫ)φ˙) + 6H(λ− ǫ)φ˙− V ′(φ) + λU ′(φ) = 0. (41)
For a Universe dominated by collisionless matter (p = 0), the scalar potential V (t) and the Lagrange multiplier
function λ(t), as function of the cosmic time read,
V (t) = 2H˙ + 3H2 + ǫφ˙2 + 8H2
d2fG(G)
dt2
+ 16H(H˙ +H2)
dfG(G)
dt
− fG(G)G + f(G), (42)
λ(t) = φ˙−2
(
ρ
2
+ H˙ + 4H(2H˙ −H2)dfG(G)
dt
+ 4H2
d2fG(G)
dt2
)
+ ǫ. (43)
Equation (41) follows easily by combining Eqs. (38) and (39). Therefore, for a given f(G) one can specify the evolution
of the scale factor (or the corresponding Hubble parameter) and obtain the scalar field potential which is responsible
for this evolution. In addition, the inverse process is easy to be realized, that is, for a given scalar potential and for an
arbitrarily given cosmological evolution, it is possible to reconstruct the corresponding f(G) gravity. In the following
sections, we exemplify the two aforementioned reconstruction methods.
9A. Some Examples for f(G) = AG2 gravity and φ = √U0t
The simplest choice for the function f(G) is the following,
f(G) = AG2. (44)
In this section, we shall assume that the scalar field φ is related to the cosmic time t as, φ =
√
U0t, which means
that U(φ) = U0 = const. For the bounce case with scale factor given in Eq. (29) and Hubble rate given in Eq. (30),
the corresponding potential of the scalar field, provided by Eq. (42), takes the following form,
V (t) = Aα5U−10 φ
2
3∑
n=0
Cn(αU
−1
0 φ
2)n + V0, (45)
where the parameter V0, which is equal to,
V0 = 3(2c)
2U−10 φ
2 + 4c+ ǫU0
stands for the potential of the scalar field in the case of General Relativity (which can be achieved if A = 0), and Cn
are numerical coefficients. For completeness, we provide the full expression for the scalar potential in the Appendix.
The corresponding Lagrange multiplier function λ(t), which is given in Eq. (43), is equal to,
λ(φ) = −36864Ac
5
U0
+ ǫ+
2c
φ2
+
ρ
φ2
− 221184Ac
6φ2
U20
+
98304Ac7φ4
U30
(46)
In the same way, we may easily find the scalar potential and the auxiliary function λ(φ), for the case of the superbounce
with scale factor and Hubble rate given in Eqs. (22) and (23) respectively. The corresponding scalar potential is,
V (φ) =
12288A
(−12 + 44c2 − 75c4 + 28c6)U40
c16
(−ts√U0 + φ)8 (47)
+
c12
√
U0
(−ts√U0 + φ)6 (c4t2sU0ǫ+ c4ǫφ2 − 2√U0 (−6 + 2c2 + c4tsǫφ))
c16
(−ts√U0 + φ)8
while the Lagrange multiplier function λ(φ) equals to,
λ(φ) =
24576A
(−4− 12c2 + 7c4)U40
c14φ2
(−ts√U0 + φ)8 (48)
+
c12
(−ts√U0 + φ)6 (−2c2ts√U0φ (ρ+ ǫφ2)+ c2φ2 (ρ+ ǫφ2)+ U0 (−2 + c2t2s (ρ+ ǫφ2)))
c14φ2
(−ts√U0 + φ)8
Another example that produces Little Rip cosmology, is described by the following Hubble rate,
H(t) = H0 exp(αt), α > 0.
with the corresponding scalar potential being of the following form,
V (φ) = AH50 exp(5γφ)
3∑
n=0
Cnα
3−nHn0 exp(nγφ) + V0, (49)
V0 = 3H
2
0 exp(2γφ) + 2H0α exp(γφ) + ǫU, γ = αU
−1/2.
In order to better understand what is the difference between the Lagrange multiplier mimetic matter with a scalar
potential, which was studied in Ref. [11], and Lagrange multiplier f(G) gravity, we shall study in detail some examples
that were presented in [11]. It is worth recalling some features of Lagrange multiplier mimetic matter, with scalar
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potential, and for a detailed presentation, the reader is referred to [11]. The action of the mimetic matter with scalar
potential and with Lagrange multiplier, is given below [25],
S =
∫
dx4
[
−1
2
R+ λ (gµν∂µφ∂νφ) − 1)− V (φ) + Lm
]
(50)
with Lm denoting as usual the matter Lagrangian. In the context of the theory developed in [11], the Lagrange
multiplier is equal to,
λ =
1
2
(G− T − 4V (φ)) , (51)
with G and T standing for the trace of the Einstein tensor and for the trace of the energy momentum tensor
respectively. The form of the Lagrange multiplier appearing in Eq. (51) is obviously different from the Lagrange
multiplier appearing in Eq. (43), but one can easily verify that if we take U(φ) = 1 and also f(G) = 0, these become
identical. We now investigate the new features that the f(G) modification brings along. We choose again the f(G)
gravity to be of the form given in Eq. (44) and also we assume that φ =
√
U0t. We shall start our comparison analysis,
by studying the inflaton case presented in [11], where it was shown that a cosmological evolution with scale factor
equal to,
a(t) = e−
√
α
12 t
2
(52)
with α a constant parameter. The potential that generates this kind of evolution, always in the context of Ref. [11],
is equal to,
V (φ) =
αφ2
eφ + 1
(53)
In contrast, in the case of the Lagrange multiplier f(G) modified gravity, the potential that generates the cosmological
evolution described by Eq. (52), is equal to,
V (φ) = −2
√
α√
3
+
√
U0ǫ+
αφ2
U0
+
256Aα5/2φ2√
3U0
− 1088Aα
3φ4
3U20
+
1408Aα7/2φ6
9
√
3U30
− 64Aα
4φ8
9U40
, (54)
which is clearly much different than the one in Eq. (53). In addition, the corresponding Lagrange multiplier function
λ(φ) is equal to,
λ(φ) = ǫ−
√
α√
3φ2
+
ρ
φ2
+
128Aα5/2
(
9
√
3U20 − 27U0
√
αφ2 − 2√3αφ4)
27U30
(55)
which is obviously different from the corresponding one in ordinary Lagrange multiplier mimetic matter theory given
in Eq. (51). It is obvious that within the context of Lagrange multiplier f(G) modified theory of gravity, there are
many ways of generating various cosmological scenarios, since there is much freedom in choosing the potential U(φ)
and also the function f(G). In this way, almost any cosmological scenario can be generated, by suitably choosing the
two aforementioned functions. Before closing this section, we shall study another example presented in [11], which
describes mimetic matter as quintessence. The scale factor of the corresponding cosmological evolution, is equal to
[11],
a(t) = t
2
3(1+w) (56)
which actually describes the behavior of mimetic matter when the Universe is dominated by some other matter fluid
present, with equation of state p = wρ. The potential that generates the cosmological evolution (56), is equal to [11],
V (φ) ≃ α
t2
(57)
where α is some arbitrary constant. In the case of Lagrange multiplier f(G) gravity, the potential that can generate
the cosmological evolution of Eq. (56), is equal to,
V (φ) =
U40
(
4096A(1 + 3w)(67 + w(149 + 84w))− 972w(1+w)6φ6
U30
+ 729(1+w)
8ǫφ8
U
7/2
0
)
729(1 + w)8φ8
, (58)
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and the corresponding Lagrange multiplier function λ(φ), is equal to,
λ(φ) = ǫ+
8192AU40 (1 + 3w)(23 + 21w)
729(1 + w)7φ10
− 2U0
3(1 + w)φ4
+
ρ
φ2
. (59)
which are clearly different from the ones given in Eqs. (57) and (51).
As we already mentioned, in the context of Lagrange multiplier f(G) modified gravity, there is much freedom in
reconstructing the scalar potential for the scalar field, since the function U(φ) and the function f(G) itself can be
arbitrarily chosen. Let us consider as a final example the case for which the function that relates the scalar field φ to
the cosmic time t is of the following form, φ =
√
U0 ln t, so the function U(φ) is of the following form,
U(φ) = U0 exp(−2U−1/20 φ). (60)
Assuming that,
H0 = αt
and also that the function f(G) is again f(G) = AG2, the corresponding scalar field potential V (φ), is of the form,
V (φ) = Aα5 exp(2U
−1/2
0 φ)
3∑
n=0
Cnα
n exp(nU
−1/2
0 φ) + V0, (61)
where V0 in this case stands for,
V0 = 2α+ 3α
2 exp(2U
−1/2
0 φ) + ǫU0 exp(−2U−1/20 φ).
In the same way, more elaborated universe evolution unifying inflation, dark energy and dark matter maybe presented.
B. Reconstruction of f(G) gravity given the Lagrange multiplier function and the scale factor
In this section we consider the inverse reconstruction method, which enables us to find the Lagrange multiplier
f(G) modified gravity, given the scale factor of the cosmological evolution and the Lagrange multiplier function. Let
us explicitly demonstrate how this method works. We start off with Eq. (43), which can be rewritten as:
(λ(t)− ǫ)φ˙2 − ρ
2
− H˙ − 4a(t) d
dt
(
H2
a(t)
dfG
dt
)
= 0. (62)
Solving this equation with respect to fG(t) we have:
fG(t) =
1
4
∫
dt1
a(t1)
H2(t1)
∫ t1 dt2
a(t2)
(
(λ(t2)− ǫ)φ˙2(t2)− H˙(t2)− ρ0
2a3(t2)
)
. (63)
Note that for λ = 1, Eq. (63) in fact coincides with (35) (with C = 0) for g(t) = dfG/dt, as was expected. The
potential of scalar field as a function of time is cast as follows,
V (t) = (2λ(t)− ǫ)φ˙2(t) + 3H2(t)− ρ(t) + 6a(t)H(t)
∫
dt1
a(t1)
(
(λ(t1)− ǫ)φ˙2(t1)− H˙(t1)− ρ0
2a3(t1)
)
(64)
−fG(t)G(t) + f(t).
We assume that the function that relates the scalar field φ and the cosmic time t is denoted as t = y(φ). We also
write the scale factor a(t) in the following form,
a(t) = exp(h(t)). (65)
Then, the Hubble parameter is simply written in terms of h(t), as H(t) = h˙(t). Considering for simplicity the case
that no matter fluids are present, that is ρ = 0, the potential of the scalar field given in Eq. (64), becomes,
V (φ) = 3h˙2(y(φ)) − ǫ
y′2(φ)
− 6eh(y(φ)h˙(y(φ))
∫
dφ1y
′(φ1)e−h(y(φ1))
(
ǫ
y′2(φ1)
+ h¨(y(φ1))
)
+ (66)
12
+
2λ(φ)
y′2(φ)
+ 6eh(y(φ))h˙(y(φ))
∫
dφ1e
−h(y(φ1))
(
λ(φ1)
y′(φ1)
)
−
−fG(φ)G(y(φ)) +
∫
dφ1fG(φ1)y′(φ1)Gy(y(φ1))
and therefore, the function fG as a function of the scalar field is equal to,
fG(φ) = −1
4
∫
dφ1h˙
−2(y(φ1))eh(y(φ1))y′(φ1)
∫ φ1
dφ2y
′(φ2)e−h(y(φ2))
(
ǫ
y′2(φ2)
+ h¨(y(φ2))
)
+ (67)
+
1
4
∫
dφ1h˙
−2(y(φ1))eh(y(φ1))y′(φ1)
∫ φ1
dφ2e
−h(y(φ2))
(
λ(φ2)
y′(φ2)
)
.
Then, for a given cosmological evolution, in terms of some specific scale factor, by choosing the arbitrary Lagrange
multiplier function λ(φ), we can easily obtain the corresponding f(G) gravity, and also finally find the resulting form
of the potential V (φ), which we used earlier for the derivation of the f(G) gravity.
Let us exemplify how this inverse reconstruction method works, by using some illustrative examples. For simplicity,
we shall assume that the field φ is related to the cosmic time as, φ =
√
U0t, so we define the function y(φ) to be the
following,
y(φ) = U
−1/2
0 φ (68)
which we extensively use in the following considerations. Of course, one can in principle choose a different function,
but this will only perplex the equations, without changing the qualitative feature of our reconstruction method.
We start off with the superbounce, with scale factor and Hubble rate appearing in Eqs. (22) and (23) respectively.
The function h(t) is in this case equal to,
h(t) = ln (−t+ ts)
2
c2 (69)
In addition, we take the function λ(t), to be equal to,
λ(t) = ct (70)
Then, by combining Eqs. (67), (68), (69) and (70), we obtain the function fG(φ), which is equal to,
fG(φ) =
c7
(
− c2t4sφ√
U0
+
(1+c2)t3sφ2√
U0
− 2t2sφ3√
U0
− (−3+c
2)tsφ4
2
√
U0
+
(−2+c2)φ5
5
√
U0
)
32 (2− 3c2 + c4)U0 (71)
−
c4φ(−2ts + φ)
(
2c2
(
2 + c2
)
t2sǫ− 2c2
(
2 + c2
)
tsǫφ+ U0
(
−8 + c4ǫφ2U0 + 2c2
(
2 + ǫφ
2
U0
)))
64 (−4 + c4)U0
Then, the f(G) gravity easily follows, by using the expression for the Gauss-Bonnet invariant, which for the case of
the superbounce is given in Eq. (25), by integrating with respect to G. The final expression is quite large and for
simplicity reasons we give it in the Appendix. In the same way, by using Eqs. (66), (68), (69) and (70), we obtain
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the potential of the scalar field, which is,
V (φ) = − ǫ
U0
+
12
c4(ts − φ)2 +
2cφ
U
3/2
0
− 6c
(
2tsφ− 2φ2 + c2
(−t2s + φ2))
(2− 3c2 + c4)U3/20 (ts − φ)
(72)
−
12
(
c2
(
2 + c2
)
t2sǫ− 2c2
(
2 + c2
)
tsǫφ+ U0
(
−4 + c4ǫφ2U0 + 2c2
(
1 + ǫφ
2
U0
)))
c2 (−4 + c4)U0(ts − φ)2
+
96
(
4
c4(ts−φ)2 − 2c2(ts−φ)2
)(
c7
(
− c2t4sφ√
U0
+
(1+c2)t3sφ2√
U0
− 2t2sφ3√
U0
− (−3+c
2)tsφ4
2
√
U0
+
(−2+c2)φ5
5
√
U0
))
c4(ts − φ)232 (2− 3c2 + c4)U0
−
96
(
4
c4(ts−φ)2 −
2
c2(ts−φ)2
)(
c4φ(−2ts + φ)
(
2c2
(
2 + c2
)
t2sǫ− 2c2
(
2 + c2
)
tsǫφ+ U0
(
−8 + c4ǫφ2U0 + 2c2
(
2 + ǫφ
2
U0
))))
c4(ts − φ)264 (−4 + c4)U0
−
3
(−2 + c2)(t2s (−2c3t3s + 5c5t3s + 3c7t3s − 40U3/20 − 5c6t2s√U0ǫ− 5c4√U0 (4U0 + t2sǫ)+ 10c2√U0 (6U0 + t2sǫ)))
5c4U
3/2
0 (4− 4c2 − c4 + c6) (ts − φ)4
+
+
40U
3/2
0
(2+c2)(ts−φ)2 +
8c3φ
−1+c2 +
20c2(cts−
√
U0ǫ) ln[−ts+φ]
−2+c2
5c4U
3/2
0
In the same way, we can easily obtain the f(G) gravity for the case of the bounce with scale factor (29). Using the
same conventions as in the case of the superbounce, the resulting expression for the f(G) gravity is,
f(G) = − 1
4U20
c
√√√√
−4
c
+
√
16c6 − 2c4G3
c4
(73)
×

8 +
√
16c6 − 2c4G3
c3
+
3
16
c

−4
c
+
√
16c6 − 2c4G3
c4


3/2
√
πU0(2cU0 + ǫ)


×G2234
(
−1, 0, 1
0, 0,−2,− 12
∣∣∣12c3U0 −
√
144c6 − 6c4GU0
48c3
)
+
1
4
√
−36c3π + 3√144c6 − 6c4Gπ
c4
U0(2cU0 + ǫ)G
22
34
(
0, 0, 1
0, 0,−1,− 12
∣∣∣12c3U0 −
√
144c6 − 6c4GU0
48c3
)
with Gmnpq , the Meijer G-function. The resulting expression for the scalar potential is too complicated, so we provide
the details for it in the Appendix.
As a final example, we shall consider a non-monotonic evolution for the Hubble rate which has the following form,
H(t) =
2
t
+
2
tf − t .
Notice that a Big Rip singularity occurs at t = tf . It easily follows that,
h(φ) = ln
(
φ
U0
)
− ln
(
(φf − φ)2
U0
)
,
h˙(φ) =
2
√
U0
φ
+
2
√
U0
φf − φ, h¨(φ) = −
2U0
φ2
+
2U0
(φf − φ)2 , φf =
√
U0tf .
Without getting into too much detail, the function fG(φ) is equal to,
fG(φ) = − 1
16U0φ2f
(
ǫφ6
6
+ C1φ
5 +
2ǫφf
25
φ5 − 2ǫφf
5
φ5 lnφ− ǫφ
2
f
4
φ4 − 2φf
3
φ3 +
φ2f
2
φ2 + C2
)
+ (74)
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+
1
4
∫
dφ1
h˙−2(y(φ1))eh(y(φ1))
y′2(φ1)
∫ φ1
dφ2e
−h(y(φ2))
(
λ(φ2)
y′(φ2)
)
.
while the corresponding scalar field potential is equal to,
V (φ) =
U0
(φf − φ)3
(
4φ3fφ
−2 + 12φ2fφ
−1 + ǫ(11φ3f + 3φ
2
fφ− 15φfφ2 + φ3 + 24φ2fφ lnφ) − 60C1φfφ
)
+ (75)
+
2λ(φ)
y′2(φ)
+ 6eh(y(φ))h˙(y(φ))
∫
dφ1e
−h(y(φ1))
(
λ(φ1)
y′(φ1)
)
−
−
∫
dφ1
fG(φ1)
dφ1
G(y(φ1)).
Notice that the last integral can be evaluated analytically, but we omit the resulting expression for the sake of brevity.
In conclusion, with this inverse reconstruction method, if the Lagrange multiplier function λ(φ) and the scale factor
a(t) are specified, the corresponding Lagrange multiplier f(G) gravity follows, as we explicitly demonstrated in the
previous examples. Of course, it is to be understood that if the integrals cannot be evaluated analytically, further
assumptions should be taken into account, but the general theoretical framework is the same.
V. DISCUSSION
It is worth discussing certain issues related to the mimetic f(G) gravity models we studied in this paper. In particular
one possible question that comes to mind when dealing with this kind of theories is the following: all the models we
constructed in the present study involve an f(G) function, with G being the Gauss-Bonnet term which in the usual
case is harmless, since it can be integrated out topologically. Now the question is if the theory constructed by using
a function of the Gauss-Bonnet invariant, contains any extra degrees of freedom or not. In our case however, note
that the f(G) gravity is considered here as an effective string-inspired gravity theory. Due to non-linear functional
dependence on G, the function f(G) is not a topological invariant anymore. The introduction of the f(G) term,
introduces to the theory an effective scalar degree of freedom, as in many cases the model maybe rewritten as one
containing a string-inspired V (φ)G term. In addition, in the context of the mimetic f(G) gravity, there is an extra
scalar degree of freedom, that of the scalar field φ, which accounts for the dark matter content of the theory. Now we
come to another important issue that we need to briefly discuss. As we demonstrated in this paper, the mimetic f(G)
cosmological scenario can serve as a theoretical framework that at the same time can describe inflation, dark energy
and even dark matter. Although it is quite appealing to have a geometric description of the cosmic history of our
Universe, an important question rises, with regards to the inflationary particle content of the theory. In particular,
for inflation, the most important and successful achievement was to predict a nearly scale invariant power spectrum
which is verified by CMB experiments in the past decade. However, this achievement is based on the fundamental
assumption that inflation is realized by a slow-rolling scalar field in the early universe. Without such a scalar field,
how can the CMB spectrum be realized in modified gravity models?
This question is very interesting and we shall try to briefly address this, so let us first consider the standard mimetic
gravity, presented in [10, 11], where the authors considered the standard Einstein-Hilbert mimetic extension. As it
was shown in [11], the metric perturbation is related to the higher derivative of the scalar field’s linear perturbation
˙δφ, and in effect, the resulting picture is that, the perturbations behave as dust, with the speed of sound being zero,
even for mimetic matter. Therefore, the quantum fluctuations of mimetic matter are ill-defined, and therefore the
large scale structure cannot be explained by the minimal Einstein-Hilbert mimetic matter theory. An extra scalar
field is required to play the role of the curvaton or explicitly modify the mimetic dark matter model, in order for
the large scale structure being consistently described. Therefore, the mimetic f(G) could potentially provide such an
extension, by offering extra degrees of freedom to the theory. The corresponding extra scalar degree of freedom we
discussed earlier, may play such a role in the resulting theory. In [11], the authors modified by hand the minimally
extended mimetic Einstein-Hilbert Lagrangian, thus being able to produce a red-tilted spectral index. It would be
therefore quite interesting to investigate whether this extra scalar term can originate by an f(G) theory or from any
other mimetic extension of modified gravity. However, this task exceeds the purposes of this paper and we hope to
address such issues in the future.
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VI. CONCLUSIONS
In this paper we considered the generalization of ordinary Jordan frame f(G) gravity, to mimetic f(G) gravity.
In this new theory, in principle it is possible to resolve two important cosmological problems, firstly to obtain the
Universe’s accelerated expansion without the need to introduce extra fields (inflaton, dark energy scalar) and secondly
to provide an answer to the problem of dark matter. Specifically, within the context of mimetic f(G) gravity, the
cosmological equations of motion are almost the same with these that result in ordinary Jordan frame f(G) gravity,
with the only difference being that the contribution of mimetic matter appears in the mimetic f(G) gravity case.
After having provided the formalism of mimetic f(G) gravity, we were able to realize various cosmological evolutions
with mimetic f(G) gravity, and highlighted the difference between ordinary and mimetic f(G) gravity. In principle, in
the case of mimetic f(G) gravity, there is much more freedom in providing the f(G) gravity that can realize a certain
cosmological evolution. This can be one of the attributes of the theory, since a quite large number of cosmological
evolutions can be successfully realized in the context of mimetic f(G) gravity. We also compared the resulting mimetic
f(G) gravities, to standard mimetic gravity models that exist in the literature.
We also modified the ordinary Jordan frame f(G) gravity, to include a Lagrange multiplier term. After describ-
ing in detail how the cosmological equations are modified within this new formalism, we provided two quite general
reconstruction techniques, which in principle can be useful for the realization of various cosmological models. Par-
ticularly, it is possible in the context of Lagrange multiplier f(G) gravity, given the cosmological evolution and the
f(G) gravity, to find the scalar field potential V (φ) and the Lagrange multiplier function λ(t). In addition, the inverse
procedure is possible, that is, given the cosmological evolution and the Lagrange multiplier function λ(t), it is possible
to reconstruct the corresponding f(G) gravity. We supported our theoretical considerations by using some illustrative
examples, for which we applied both reconstruction methods.
As a general remark, we must note that in the context of both mimetic f(G) gravity and Lagrange multiplier f(G)
gravity, there exist a large class of f(G) gravities that can realize a specific cosmological evolution. We believe that
this feature is an attribute of the theory, since it is possible, by suitably choosing the parameters and functions, to
get analytic results. This was not always possible in ordinary Jordan frame f(G) gravity.
An issue we did not address in this paper is the realization of singular cosmology, in the context of mimetic f(G)
gravity or Lagrange multiplier f(G) gravity. By singular cosmology we mean the appearance of finite time singularities
[26] (with the Big Rip [24] being the most elaborated one) in the cosmological evolution. Among all the finite time
singularities, the most interesting ones are the non-crushing types singularities, for example, Type II [27] or the mildest
among them, the Type IV [26, 28]. Since these singularities can be consistently incorporated in scalar-tensor theories
[28], it would be interesting to realize such singular cosmological evolution from mimetic f(G) and from Lagrange
multiplier f(G), and compare the results to ordinary f(G) gravity. Special emphasis for this task, should be given
near the Type IV singularity of course. Work is in progress towards this direction and we hope to report on this issue
soon.
Finally, let us discuss another issue having to do with the possible observational distinction between the various
modified gravity theories. Indeed, these theories can in principle be very degenerate with regards to their observational
prediction so the fundamental question that comes to mind is, whether there is any possible way of distinguishing
these theories at a pragmatic level. One good idea is to these these modified gravity models by using weak lensing
data, owing to the fact that the trajectories of light may differ, depending on different geometric terms. For some
relevant works on this issue see for example [29]. In addition, the growth index may provide some useful insights on
that respect, see for example [30].
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Appendix: Resulting expressions for f(G) gravities and for scalar potentials
Here we quote the complicated expressions we mentioned in the main text of this paper. The full expression for
the potential appearing in Eq. (45) is equal to,
V (φ) = 4c+ 12c2t2 − 73728Ac5t2 − 626688Ac6t4 − 540672Ac7t6 − 147456Ac8t8 +
√
U0ǫ (76)
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In addition, by integrating Eq. (71), with respect to G, we obtain the f(G) function, which is equal to,
f(φ(G)) = − 1
c4U0
12
(
− 2 + c2
)( 2c3U3/20 φ(G)
5
(
− 1 + c2
) − 1
20
(
4− 4c2 − c4 + c6
)(
− ts + φ(G)√U0
)4 (77)
× t2s
(
2c3t3s
√
U0
(
10− 20
√
U0 + 15U0 − 4U3/20
)
+ 5c5t3s
(
− 4 + 6
√
U0
− 4U0 + U3/20
)
− 40
(
− 2U3/20 + U20
)
+ c7t3s
(
− 10 + 10
√
U0 − 5U3/20 + 2U20
)
− 5c6t2s
√
U0
(
− 4 + 6
√
U0 − 4U0 + U3/20
)
ǫ− 5c4
(
− 2
√
U0 + U0
)(
2t2sǫ − 2t2s
√
U0ǫ+ U0
(
4 + t2sǫ
))
+ 10c2
(
− 2
√
U0 + U0
)(
2t2sǫ− 2t2s
√
U0ǫ+ U0
(
6 + t2sǫ
)))
− 1
3
(
4− 4c2 − c4 + c6
)(
− ts + φ(G)√U0
)3 2ts(− 1 +√U0)(2c5t3s(− 1 +√U0)2 + c7t3s(− 1 +√U0)2(1 +√U0)
− 4c3t3s
(
− 1 +
√
U0
)2√
U0 − 8U3/20 − 2c6t2s
(
− 1 +
√
U0
)2√
U0ǫ
− 2c4
√
U0
(
t2sǫ− 2t2s
√
U0ǫ+ U0
(
2 + t2sǫ
))
+ 4c2
√
U0
(
t2sǫ− 2t2s
√
U0ǫ+ U0
(
3 + t2sǫ
)))
+
1(
4− 4c2 − c4 + c6
)(
− ts + φ(G)√U0
)2(− 3c5t3s(− 1 +√U0)2√U0 + 2c3t3s(− 1 +√U0)2
×
(
− 1 + 4
√
U0
)√
U0 + 4U
2
0 − c7t3s
√
U0
(
1− 3U0 + 2U3/20
)
+ 3c6t2s
(
− 1 +
√
U0
)2
U0ǫ
− 6c2U0
(
U0 + t
2
sǫ− 2t2s
√
U0ǫ+ t
2
sU0ǫ
)
+ c4U0
(
3t2sǫ − 6t2s
√
U0ǫ+ U0
(
2 + 3t2sǫ
)))
−
4c2ts
(
− 1 +√U0
)
U0
(
c
(
ts − 2ts
√
U0
)
+ c3ts
√
U0 +
√
U0ǫ− c2
√
U0ǫ
)
(
2− 3c2 + c4
)(
− ts + φ(G)√U0
)
+
c2U
3/2
0
(
cts
(
3− 4√U0
)
+ c3ts
(
− 1 + 2√U0
)
+
√
U0ǫ− c2
√
U0ǫ
)
ln
[
−ts + φ(G)√U0
]
2− 3c2 + c4
)
where φ(G) stands for,
φ(G) = 2
√
231/4c4
√
G
(
c8
(−2 + c2)G)1/4 + c8Gts
c8G
(√
U0
)−1 , (78)
or equivalently,
φ(G) = −2
√
231/4c4
√
G
(
c8
(−2 + c2)G)1/4 + c8Gts
c8G
(√
U0
)−1 (79)
In conclusion, we have two different types of f(φ(G)) gravity, which can be found by substituting the two different
forms of φ(G) to Eq. (77). Finally, the corresponding potential for the f(G) gravity of Eq. (73), which corresponds
17
to the bounce (29), is equal to,
V (φ) = − ǫ
U0
− 4cφ
U
3/2
0
+ 12c2φ2 − 6
√
cecφ
2√
π(2cU0 + ǫ)φerf [
√
cφ]
U0
(80)
+ 96c2φ2
(
2c+ 4c2φ2
)

 1
32c2U
3/2
0 φ
+
√
π(2cU0 + ǫ)G
21
23
(
0, 1
0, 0,− 12
∣∣∣− cφ2)
64c2U0


−
cφ
(
4
(
3 + 4cφ2
)
+ 12c
√
π
√
U0(2cU0 + ǫ)φ
3G2234
( −1, 0, 1
0, 0,−2,− 12
∣∣∣ − cφ2))
U
3/2
0
+
cφ
(
3
√
π
√
U0(2cU0 + ǫ)φG
21
23
(
0, 1
0, 0,− 12
∣∣∣− cφ2))
U
3/2
0
where Gmnpq is the Meijer G-function and erf(x) is the error function.
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